Online Appendix to
“Invoicing Currency and Optimal Policies in a Global
Liquidity Trap”

A.1 Robustness Checks

We demonstrate that our key findings about the relationship between pricing regimes and optimal
policy responses remain robust across different parameter specifications. We examine variations
in three additional critical parameters from our baseline calibration: trade elasticity 6, inverse
elasticity of intertemporal substitution p, and Calvo price stickiness a. These parameters have
been identified as fundamental determinants of international shock transmission and policy ef-
fectiveness in the open economy literature (Benigno and Benigno, 2006; Corsetti et al., 2011). For
each alternative parameter configuration, we analyze how optimal policy varies across both trade
openness (v) and shock magnitudes (o), maintaining the same parameter space explored in Sec-
tion 7 of the paper. This approach allows us to systematically verify that our core findings about
the interaction between pricing regimes, trade integration, and shock size remain qualitatively
robust to different parameter choices.

A particularly important composite parameter in open economy models is pf, which governs
the substitutability between home and foreign goods. We systematically explore how optimal
policy varies under three scenarios: when goods are Edgeworth substitutes (pf > 1), comple-
ments (pf < 1), and independent (pf = 1). We achieve these different scenarios through targeted
adjustments to either p or 6 while holding other parameters constant.

Figures Al and A2 examine the case where p = 0.5, corresponding to higher intertemporal
elasticity of substitution. Under this parameterization, home and foreign goods become Edge-
worth independent (pf = 1). This independence weakens the efficacy of Foreign’s monetary
policy in facilitating expenditure switching or counteracting perverse exchange rate movements
under large shocks. Consequently, Foreign maintains rates near zero even under PCP across a
broader range of parameters (Figure Al). The higher intertemporal elasticity of substitution also
makes consumption more responsive to real interest rate deviations, leading to more severe reces-
sions. This necessitates substantially larger fiscal interventions in both world and relative terms
(Figure A2), though the qualitative patterns of optimal policy remain consistent with our baseline
findings.

Figures A3 and A4 consider the case with p = 2, featuring stronger Edgeworth substitutability

between goods. While Foreign still raises rates under PCP to manage relative prices (Figures A3),



these increases are less pronounced than in our baseline calibration. This moderated monetary
response reflects the lower intertemporal elasticity of substitution, which dampens the severity
of recessions and reduces the need for aggressive policy intervention. The world and relative
fiscal gaps demonstrate similar qualitative patterns but smaller magnitudes, consistent with this
reduced severity (Figure A4).

Figures A5 and A6 analyze the complementarity case by setting § = 0.5. Under Edgeworth
complementarity, both PCP and LCP frameworks exhibit similar monetary policy responses, with
Foreign maintaining zero rates across most parameter combinations (Figure A5). This conver-
gence occurs because complementarity weakens the expenditure-switching channel: households
consume home and foreign goods together rather than substituting between them. This both re-
duces the need to manage relative distortions and dampens global recession severity, explaining
the smaller world and relative fiscal gaps compared to our baseline (Figure A6).

Figures A7 and A8 examine another case of Edgeworth independence by setting # = 1. While
independence again reduces Foreign’s incentive to raise rates under PCP (Figure A7), baseline
intertemporal elasticity results in milder recessions than the p = 0.5 case, requiring smaller fiscal
interventions (Figure A8).

Finally, Figures A9 and A10 examine the impact of reduced price stickiness (o = 0.75). While
the qualitative patterns of optimal monetary and fiscal policy remain unchanged, the magnitude
of required interventions increases substantially. This amplification reflects the “Paradox of Flex-
ibility” identified by Eggertsson and Woodford (2003) and Werning (2011), where greater price
flexibility can exacerbate economic distortions at the zero lower bound by intensifying deflation-
ary pressures. As can be seen from these robustness exercises, we found that the relationship
between pricing regimes and optimal policy responses remains robust across different parameter

specifications.
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Figure A1l: Trade Openness and Optimal Monetary Policy (p = 0.5)
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Figure A2: Trade Openness and Optimal Fiscal Policy (p = 0.5)
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Figure A3: Trade Openness and Optimal Monetary Policy (p = 2)
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Figure A4: Trade Openness and Optimal Fiscal Policy (p = 2)
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Figure A5: Trade Openness and Optimal Monetary Policy (6 = 0.5)
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Figure A6: Trade Openness and Optimal Fiscal Policy (§ = 0.5)
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Figure A7: Trade Openness and Optimal Monetary Policy (0 = 1)
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Figure A8: Trade Openness and Optimal Fiscal Policy (¢ = 1)
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Figure A9: Trade Openness and Optimal Monetary Policy (o = 0.75)
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Figure A10: Trade Openness and Optimal Fiscal Policy (o = 0.75)



B.1 A Two-Country Model with Various Pricing Regimes

This section presents the log-linearized equilibrium conditions necessary to define equilibrium
under each pricing regime. The variables are specified for each country, Home and Foreign. The
transformation of these variables into World and Relative terms follows the approach detailed
in the appendix of Engel (2011). Since the first-best allocation is identical across the regime, we

provide the equilibrium conditions only in Section B.2.1.

B.2 Log-linearized Equilibrium Conditions
B.2.1 Equilibrium conditions under PCP

Given the path of the four policy instruments {R;, R}, G, G} }, the equilibrium under flexible ex-
change rates consists of endogenous variables {YH,t, ijt, THt Ty ét, C’Z, ’f’t, Qt} and exogenous

variables {Z;, Z;} that satisfy:

e Aggregate demand:

~ ~ 1 o ~ ~ o ~
EiCiy1 = Ci + p {Rt - {EtWH,tH + (1 —v) (BT — Tt)] +EiZipq — Zt}

Ak Ak 1 % 7 7 5% %
E:Ci = Cf + P {Rt - [Etﬂ},tﬂ = (1 =v)(EeTipr — Tt)} +E 2 — 2y }

* Market clearing:

Yi: = c, {Vét +(1=v)Cf +20v(1 — )Ty b + (1 —¢,)Gy

Vi = ¢y {(1 — )Gy +vCf — 200(1 — V)T}} +(1— )G

* Aggregate supply:

W}kit = BEtW},tH thR {(p + U)?F,t
)

+2v(1 —v)(pf —




¢ Risk sharing and demand imbalances:

Qu=p(C = C}) +(Zf - Zy)
Qt = (QV — 1)Tt

e First best allocation

(p+ cyn)fféz = c,2v(1 —v)(ph — 1)thb +(1— cy)pG{b +ey(Zi+ (1 —v)Z})
(p+ ey Vil = —cy20(1 = )(p0 = DT* + (1= ¢))pGy "’ + ey (1 = v) 2y + v Z7)
cyldv(1=v)pd + (2v = 1T = p(Vl, = VD) — (1= e)p(Gf" = G 7*) = ey (20 = 1)(Z - Z7)
nYi = —pGJ’
VL = oGy
B.2.2 Equilibrium conditions under LCP

Given the path of the four policy instruments { R, R}, G¢, G} }, the equilibrium under flexible ex-
change rates consists of endogenous variables {?H,t, YF,u TH, s ﬂ}Lt, Wl*w,t? TRt C Ht C Fits Tt, Tt*, Qt, my }

and exogenous variables {Z;, Z;} that satisfy:

* Aggregate demand:

R .1 . . X .
EiCiy1 = Cy + ’ {Rt - [Etﬂ'H,t+1 + (1= v)(ETyy1 — Tt)] +EiZi1 — Zt}

Ak Ak 1 % * Pk Pk > Sk
E:Cin = Cp + p {Rt - [EtWF,tH + (= v) (BT — T3 )} +EZri1 — 7 }
* Market clearing:

Vire = ¢, {uét + (1= v)CF + 0u(1 —v)(T) — T;)} +(1—¢,)Gy
b (1= e)C

Vig =y {(1 — )Gy +vCF — 0v(1 — v)(T; — T})

¢ Aggregate supply:



Tt = BETH 41 + K {( P + 7)Y,

C (1= 1) (pf — 1)(T; — T)+T(Tt+Tt) (v G, )

e = BBy 41 + Kl

—u(l—u)(pe—ut 7r) - <Tt+z;>—vmt—p1;%ét}
Y

,0
777?,75 = 5Etﬂ-},t+1 + AR

+v(l—v)(pd —1)

* * ~ I—c ok

<t t>+?<Tt+T> (1 = vy — p—2G; |

. p
Tr = BETEi41 + KF {
)(T

v(l—v)(pd —1)

. 1—cy ~,
} — ) (Tt—l—Tt)—i-th—p yGt}
¢ Risk sharing:

O =plCy — C) + (2 — )
2= L, — iy

Qi =y +
¢ Dynamic equations for relative price:

Ty =Ty 1 =TFt — THy
Tk k% *
Iy =17, = THt — TFt

B.2.3 Equilibrium conditions under DCP

Given the path of the four policy instruments {R;, R}, G¢, G} }, the equilibrium under flexible ex-
change rates consists of endogenous variables {YHJ, ?Et, TH, s ”;I,w W}k’,t’ CA‘HJ, CA‘Fyt, Tt, Tt*, Qt, my }

and exogenous variables {Z;, Z;} that satisfy:

* Aggregate demand:

~ ~ 1 ~ ~ ~ N ~
EiCiy1 = Cy + ’ {Rt - [Etﬂ'H,t+1 + (1= v)(EiTyy1 — Tt)] +EiZi1 — Zt}

* ]- % * % ks 5 %
E,C = C p {Rt - {EtWF,t—H + (1 =) BT, - T )} T B Zpiy1 — 2 }
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* Market clearing:

Vie = ¢, {yét + (1= v)CF 4 0v(1—v)(T — TV + (1= )Gy

j
Viu =, {(L=)Co 4 00 = 001 = )T = T) } + (1 - ¢,)G;

¢ Aggregate supply:

Tt = BETH 41 + KH {( + )Yy

o) )T ﬁwwu—wm—f_%@}

Cy
Ty = BET 11 + KH +77 )Yz
7 1—c¢y ~
(L= 0)(p ~1)(T; = T) — 2wty — p— Gy |
y
p
7TFt_51}2157"'Ft_~_1‘1""7/F{ +77 YFt
* Cy vk
(1= v)(p0 = 1)(T; = T7) = p— 2 }
Y

¢ Risk sharing:

Qi = p(Cy — C}) + (Z} — Zy)
v —1 . A

Qtzmt+ 5 (T, - T7)

¢ Dynamic equations for relative price:

B.3 Welfare Loss Functions

B.3.1 Welfare Loss Function (PCP)

2Ll — — (Z‘FT}) (?;W)Q - (CprJrn> (YGR)Q —plgcy (@fv)z —p(1=cy) <1C;Dcy +1> (éﬁf

1 1
) yYWG 9 nyG Yl -2 k2
+ P' Py ¢ Gy + P ¢&,D ¢ Gy - ﬂ-Ht_’_K T Rt

where D = (2v — 1) + 4pfv(1 — v)
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B.3.2 Welfare Loss Function (LCP)

S 1 R A e s R =

y y
1— 1—cyop - v (1 — 2
+2p yYWGW +2p DCy YRGE - % V(D V) (4)* — c,0v(1 —v) (TtW)
Cy Cy
cyo (1—(1—v)ey 4 l—v, , o 1-0=v)ey, o, o 1—v 4
9 ( Cyhinl T T - (7rH,t) + Cyhr ( ,t) + TFt

B.3.3 Welfare Loss Function (DCP)

== (209) ()~ (25 +9) 68"~ (@) -0 () )

Y Y

1— 1 ou(1
+20—2YV G 4 2p— VRG-S ”(D V)
Cy Cy

cyo (1—(1—v)ey , l—v, . 1 * )2
o (= 4 = ) + ()

()2 — e, w1 —v) (T’

B.4 First Best Allocation

The first-best allocation is the equilibrium in which prices are fully flexible, capital markets are
complete, and the steady state markups are always neutralized with an appropriate subsidy. Since
this efficient allocation is invariant to the pricing regime, it provides a useful benchmark for com-
paring the welfare implications across the three regimes. Any variable marked with a hat and the
subscript fb (e.g., X/ represents its log-linearized version under the first-best allocation.

The log-linearized risk-sharing condition under perfect risk-sharing is:
)b = (Cf” C;“’f") - (Zt - Zt) (B1)
Furthermore, log-linearizing the real exchange rate yields:
)W = (20 — DTS (B2)
Combining the preceding results with the market—clearing conditions yields:
yyfb — pCFY (1= )20(ph — 1) + TS 4+ p— > “elt—a-n(4-7z).  ®

Log-linearizing the Home optimal pricing equation under flexible prices yields:

7717}];51 =—(1- V)thb — pé’tfb + Zs. (B4)
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Eliminating C’f b by combining the equations (B3) and (B4) results in:

<(2 + 77) }A’I];i =2v(l —v)(pd — 1)thb + plzycyé{b -(1-v) (Zt - Z*) + 7. (B5)
An analogous derivation for Foreign yields:
(pr + n) VI = —2u(1 = v)(p0 - VT + plzycyc?j;’fb =) (Z4-2)+2;. (@)
Adding the equations (B5) and (B6) yields:
(C’; - 77) VAREE plgyCyétW’f” + 2. (B7)
Subtracting the equation (B6) from (B5) yields:
(C’; + n) VRS = 20(1 — v)(p0 — 1T + plgy%éf’fb +(2v - 1)ZE. (B8)
The efficient terms of trade is given by:
DT/ = ?Yﬁ’f” - Qp%éf’fb —2(2v - 1) ZE, (B9)
y y

which is obtained by combining the two log-linearized aggregate market-clearing conditions with
the risk-sharing condition (B1) and Equation (B2).

The first-best government spending follows:

V(NI = J(G]Y).

& Vi =—pGl’ (B10)
Finally, substituting (B8), (B9), and (B10) yields the relationship:

T/ = —onv (B11)

B.5 Derivation of the Quadratic Loss Function

In this section, we derive the quadratic welfare loss functions for each pricing regime, following
closely the approach in Engel (2011). For all regimes, the aggregate period utility for Home and

Foreign is given by:

U(Cy) = V(Ny) + J(Gy) + U(CF) = V(NY) + J(GF)

1—p 14+n 1—p x\1—p =\ 141 x\1—p
1-p 1419 1—-0p

1-p 1+n 1—-p
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We assume an efficient steady state so that the subsidy satisfies (@=DU=7) _ 1 Moreover, in the

o

efficient steady-state, U’ (C/?) = V/(N/?) = J/(G/?) and U'(C*/?) = V!(N*/?) = J'(G*/?) holds.
The second-order approximation of the world utility (B12) yields:

1

SN 1. 1—cy - —Cy A B A an
2Q:Q+@_?mf7ﬂh+ %krcy@+aa+ﬁ@
Yy

y Gy y
1—pro 1=p o 1141, 11+7n,9 Il—cyl—pog 1—=cyl—p, -9 )
—Ci+ —(C}) — ——Y;, — ——Y, — G —E (G} t.i.p.
+ 5 ¢ T 5 (CY) ¢ 2 Hit ¢ 2 Ftt+ & 5 tt Py 5 (GY)” +tip

(B13)

Subtracting the first-best welfare from (B13) and regrouping terms into the world and relative

components gives:

~ ~ 1 -~ 1 -~ 1-— ~ 1-— ~ A~ "l
2(@—@‘") ~Ci+Cf = —Vus— Vi + Y+ —— VGt + 2,0, + 27Cy

Y Cy Cy Cy
R R It R
o ey
(0= ) (G0 P C7) = (k) (Vi + V)
+ 1;;‘”(1 = 0) (GG + G71°Gy) + i,
_odv zclyfftW + 21;;@/@? L 22V EW 4 2ZRCR

R R CoR
i n ) [(QW)Q + (Gﬁﬂ

Gy
. - . s 2 . s . .
£201-p) (GIICY + CIFPCE) = Z(14m) (VIR 4 TR
Y
1-— A ~ A ~
+2——2(1 = p) (GG + GIGE) + tip. (B14)
)

The subsequent steps depend on the pricing regime; accordingly, we develop the quadratic loss
function separately for each regime in the following subsections. Section B.5.1 and B.5.2 describe
the steps to derive the welfare cost function under PCP. Section B.5.3 and B.5.4 illustrate the steps
under LCP. Lastly, sections B.5.5 and B.5.6 show the steps under DCP. For each regime, we first
state the relevant first— and second—order conditions and then develop the equation (B14) for that

regime.
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B.5.1 Useful First- and Second-Order Conditions (PCP)

By rearranging the country-specific resource constraints, risk-sharing condition, and the definition

of the real exchange rate (Q; = (2v — 1)T}), we obtain:

. . D—(w-1) - 2(1-1)- .

YVire =, |G+ (2; ), A p ”)Zﬁ] +(1-¢,)Gy, (B15)
. (e D+ (2w—1),. 2w, )

Vis = ¢, |6 +(2pV)Tt+pVZf} +(1—¢,)G, (B16)
. o D—(2v—1). 2(1—1) 4 .

Vi =c, |CF — (2: ), 4+ 2 ; V)ZtR] + (1= )Gt (B17)

Then, by combining the equations (B15), (B16), and (B17), we can express the world consump-
tion gap, relative consumption gap, and the relative price gap in terms of the output, government

spending, and the shock as follow:

~ 1~ 1-— A
O A i (B18)
Cy Cy
A 120 -1 l—c,2v—1,p D—(2v—-1)%,
R R Y R R
== v — —_— 7 B19
Ct Cy D t Cy _D Gt+ pD t ( )
A 12pp l1—cy2pp 22v—1) 55
T, = =2V - LR - R B20
t Cy.D t Cy D t .D t ( )

Adding (B15) to (B17) yields (B18), subtracting (B17) from (B16) yields (B20), and substituting
(B20) into the risk-sharing condition yields (B19).

Similarly, the corresponding equations under efficient equilibrium are:

~ 1 - 1— ~
CL}/V,fb _ —YtW’fb _ Cy va’fb, (B21)
Cy Cy
. 1201, 1—cy2v—1 4 D—(2v—1)2 . pp

CR’fb _ YR,fb _ Y GR,fb VA ,f B22
t Cy D t Cy D t + pD t ) ( )

~ 12,0Abe l1—-c¢c 2pAbe 2(21/—1)A
T/ = 2Ly RS 2T WP AR 22T T ) gR B23
t Cy D t Cy D t D t ( )

One can express these equations as the efficient gap terms by subtracting the corresponding

sticky-price equilibrium and the efficient equilibrium equations:

. 1.~ 1—c, ~
e =V - Gy, (B24)
Cy Cy
~ 12v—-1- l1—c,2v—1 =~
R R y R
= — Yt — G B25
t Cy D t Cy D t ( )
5 12p5p 1-cy2pap
T, =—=Y"'— —Gi'. B26
=D ¢, DU (B26)
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The resource constraint for each country can written as follows:

P —0
Yi:=Apy { < ]fjt’t> [yct +(1— V)Qec;‘} + Gt} ,

P* —0
Vi = A, { (;t) [(1 — )0+ I/Qect*} + G:} :
t

where A, = fol (Pg;’(:) ) diand AL, = fo ( * )  diarethe price dispersions for the Home

and the Foreign goods, respectively. By approx1mat1ng the resource constraints in a second order

and taking a summation of them, we derive the following!:

aéz‘f—izwﬂ“cﬁéi":—[w) ()] o )+ (5]

(é ) ] —u(1 — )T
’

10A2

-5 [WH,t + 7TFt

B27
Cy 2K ( )

Then, by subtracting the corresponding efficient equilibrium equation from the equation (B27), we

get:
20 = 27 4 ey — - (ew) 4 (cm)’

1-c¢ =17\ 2 =\ 2 -
- Ty [(G?) + (Gﬁ) } —Ov(1 —v)T?

. N . - 2 /. N . -
= (CPPVey e raR) + = (WMEY + MY E)
Yy

o |0 )

Cy

2 (GPVaW 4 GIRGE) - 20u(1 - )T,
)
1 . .
— — o [#ha+ (757 (B25)

Cy 2%

Equations (B21), (B22), (B23), (B24), (B25), (B26), and (B28) will be used in the next subsection.

B.5.2 Further Manipulation of the Welfare Loss Function (PCP)

We use the second-order approximations of the resource constraints to fully approximate the wel-

fare loss function into the second-order terms. By substituting the Equation (B28) into (B14), we

!The inflation rates appear because of the second-order approximation of price dispersion terms. Please refer to
Woodford (2003) chapter 6 for more detail.
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obtain:

2 (z:t ol b) — 2pCRIOCR 4 2 ZRER — 29u(1 — v)TIT,
. - 1— . -
) ke TP L Pl
Cy Cy
9pCI G 4 agW G
VWSgW ol — 1/GWﬂGW

ey @]ty o0
(6F

Cy

_1—cy [( ) ]—91/1—1/ )T7
_ Clyzf; (%, + (75)°] + tip. (B29)

To recast the welfare loss in terms of output gaps, fiscal gaps, and inflation, we eliminate the
interaction terms between the relative flexible variables (X;%/*) and the relative gap variables
(XtR). By using the relationship C~’tR = 2’;—;1T i?> and the equation (B10), we can rearrange the first

two rows of the equation (B29) as follows:

2 (ct - ﬁ{b> — [(2y — )OI 42001 — )T — 21
N 1 ~ 1— ~
_ 2/’7Yt:R7fb (Y;fR o Cy Gfi)
Cy Cy
2O {9

2V—1A:|~

2 SW fbo L—cy ~w s
— Sy NIy ot Y GG
Cy Cy

~o[(@y s femy] - Lol + (]
GO RY COR

Cy
1 g ~2 e 2i| .
- — + t.i.p.
¢y 26 [WH,t + (WF,t) p

2This relationship can be easily derived from the equations (B25) and (B26).
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Then, substituting the equations (B22) and (B23) into the first row, and the equation (B26) into the
second row yields:

c c P
Y Y

_ g Dth,bet
— QpC'W’f bWy oz el
1—
nYWbeW 0= — W GG

B [ I

-2
_16_; [(t> ( )]—Gul—u)Tt

10‘[A

T+ (WFt)Q] +t.i.p.

Cy 2K
Using the equation (B23) and the relation between the flexible relative price and the flexible rela-
tive output gap (B11) rids out the first two rows.

2 (ct zf) —2pCIIPEW 4 22V EW
. . 1— . _
- —nYtW’f”YtW — 2= GG

A s 2] )
- — t.2.p.
¢y 2% |:7TH,t+ (WF,t) +ta.p

To substitute out the interaction terms between the world first-best variables ()A(tW’f b) and the

world gap variables (XfW ), we first use the equation (B7), (B21) and (B24) to yield:
. 1~ 1—c ~
Cy
nYWbeW ol =y GG

Cy
2 N2
[(Ct |- La[) s ]
1—¢y
—T [(Gt) ( )]—QVI—V)Tt

1 o079

_ g% [WHt + (WFt)Q] + t.i.p.
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Then, using the equation (B10) will substitute out the interaction terms:
2 (e ett) = o (@) + ()] - o[ ()" ()
(@) (e - o -
_ jy;; [fr%u + (ﬁ},t)g] +tigp.
Lastly, substituting C’tW , C~‘tR, and Tt using the equations (B24), (B25), and (B26), and some

rearrangement, we can derive the welfare loss function as follows?:

2 (el = (2o () (L o) ()

Cy
ol (Y - s (ar)
P () o) (Fpr ) (6
l1—c¢,~ ~ 1—c, ~p =~
2 YyWaElV + 2 Yy RGER
+ 2p & ¢ Gy +2p D ¢ Gy
oo, .
= — (@) + (Fppia)?] - (B30)

B.5.3 Useful First- and Second-Order Conditions (LCP)

By rearranging the country-specific resource constraints, risk-sharing condition, and the definition

of the real exchange rate (Qt =(2v— I)Tt + 171¢), we obtain:

. .. D—(2v-1). 1- 2(1—v) 4 .

YH,t:cy{Ct-k Qv-lp 1ov, 2 V)ZtR}+(1—cy)Gt, (B31)
2p p p

. e DH@u—1). 1-v_  2v, .

YH,t:cy{CtJr @Qv=VUp , th—l—VZtR}—l—(l—cy)Gt, (B32)
2p p p

) e D—(v—1), 2(1—v) 4 .

YF’t:cy{Ct*—(2’;/)Tt+;mt+(y)ZtR}+(l—cy)Gf. (B33)

Then, by combining the equations (B31), (B32), and (B33), we can express the world consump-
tion gap, relative consumption gap, and the relative price gap in terms of the output, government

spending, currency misalignment, and the shock as follow:

N 1~ 1— a
OV = 2y "W, (B34)
Cy Cy
R 120 -1 1—c,2v—1,p 200(1—-v). D—(2v—-1)2,
R R Y R R
== YR - Z B35
R o D Gt p pD e (B3
A 12pp l—cy2pp 2v0—1_ 22v—1) .5
T,= —Pyr_ PR T gy, RV T gR, B36
T, D! ¢, DV D ™ D (B36)

*We normalize the function by c,.
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Adding (B31) to (B33) yields (B34), subtracting (B33) from (B32) yields (B36), and substituting
(B36) into the risk-sharing condition yields (B35).
One can express these equations as the efficient gap terms by subtracting the corresponding

sticky-price equilibrium and the efficient equilibrium equations:

~ 1—c ~
cw - Ltyw _1-aw (B37)
Gy Gy
~ 12v—14 1—cy2v—1 - 20v(1 —v)
R R Y R S
= — Y, — _— B
Ct cy D t cy D Gt + D me, ( 38)
- 12psp 1—-c¢y2p-p 2v—1.
T, = —1Y, —G;t— ——— M. B39
t ¢y D t ¢y D t D my (B39)

The resource constraint for each country can written as follows:

P\’ P\’
YH,t = VAH,t < P’ > Ct + (1 — V) *H,t (P; > C;( + AH,tha
t

where Ay, = fo (PH;t >_U di, Ay, = fol (ng(i)>_a di, Apy fo (PF;t >_U di and A}, =

fo ( e l)) di are the price dispersions for the Home and the Foreign goods, respectively. By

approximating the resource constraints in a second order and taking a summation of them, we

derive the following;:

2 - 2(1 —¢y) A B A 2 A\ 2 1 N 2 A p\ 2
R (CORICON I U RT Oy
1—c¢ A 2 A\ 2 N
— . L [(GXV) + (Gf) ] —0v(1 — IJ)th
1 o
T 2n 1= (1= w)ey)mhry + ¢y (1= v)(7h,)?
1= (1= v)e)(mpy)® +¢y(L—v)mpy ). (B4O)

Then, by subtracting the corresponding efficient equilibrium equation from the equation (B40), we
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get:

2CY" - éfftw + 2(1(;@’)(}? =— {(étwf + (éﬁ)Q] + cly [(?;W)Q i (gR)Q}
(@) (@) v v
- (étf MWel 4 ¢f ”’Réﬁ) + 03 <;>tf bW W ﬁfbﬂﬁzz)
Yy

2 (GPVaW § GIRGE) - 2001 - )T,

Y

e A= e e - V()
L= (= D)e)(m) + ey (1 - )} (B41)

Equations (B21), (B22), (B23), (B37), (B38), (B39), and (B41) will be used in the next subsection.

B.5.4 Further Manipulation of the Welfare Loss Function (LCP)

We use the second-order approximations of the resource constraints to fully approximate the wel-
fare loss function into the second-order terms. By substituting the Equation (B41) into (B14), we

obtain:

2 (ﬁt —r] b) = —2pCIIPCR 4 2ZRCE — 200(1 — v)TIT,
2 SR fb 1—c¢y AR fbA
— VYR e GG
Y Y
—2pC IO 22 O

2 W fbo L—cy ~wpbs
= oY 2GR
Cy Cy

., [(QW)Q " (éﬁ)2] - [(ﬁwy * (?tRﬂ

Y

1 2 [(@,W)Q + (éﬁ)Q] _ o1 — )2

1o %
- 1—(1- u)cy]w%” +¢y(1 - V)(WH,t>2
y

+[1 = (1= )ey) (7)) + cy(1 = V) } + tip. (B42)

To recast the welfare loss in terms of output gaps, fiscal gaps, relative price gaps, currency mis-
alignment, and inflation, we eliminate the interaction terms between the relative flexible variables

(X%} and the relative gap variables (X/?). By using the relationship C}* = 2’%;172 + ﬁmt‘* and

“This relationship can be easily derived from the equations (B38) and (B39).
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the equation (B10), we can rearrange the first two rows of the equation (B42) as follows:

. . 2w —1 -
2 (at - ﬁ{b> - {(QV — 1R 4 200(1 — )T - ”p ZtR} T,
N 14
- {CtR’fb - ZtR} e
p
. 1 -~ 1—¢c, ~
— 2y, S (Yﬁ - %Gﬁ)
Cy Cy
— 2000 22V CFY

2 Wb L—cy ~w, b5
— =V IV oY GG

ol |- by 6]
e, {(@W ; (65)2] — u(1 — )T}

2 *\2
= g L= (L= & ey (L= ) (i)

+[1 - (1 —v)g)] (Tr}’t)Z +cy(1— I/)T('%’t} + t.i.p.

Then, substituting the equations (B22) and (B23) into the first row, and the equation (B39) into the
third row yields:
1 1—cy A 2v—1 4 -
2 (Et - L{”) —— {yﬁf" gk ZtR}Tt
Cy Cy p
. 1. A
fern 1zl
1)
N oRfb |7 2v—1
— =DY; ™" T
p ! { "TTD mt}
L 9pCIIEW 7 EW

2 oW fby L—cy ~w oA
R R AR e el
Gy Cy

“o(@y s (ery] - Loy (]

_loa, [(étW)Q + (éf)z] _ou(1 — )T

Cy

1l o *
o, 2K 1—-(1- V)Cy]ﬂlzf{,t + ¢y (1 — V)(WH,t)2
y

+[1 = (1= v)ey)(my)* + ¢y (1 = )7y } + Lip.
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Using the equation (B1), (B2), (B23) and the relation between the flexible relative price and the
flexible relative output gap (B11) rids out the first three rows.

2 (Lo~ L") = = 20O 122 Y

2 W b L—cy ~wpbs
= SV — 2GR G
Cy Cy

“o[(@ny s (ery] - Ly (]

_l-a, [(étW)Q + (éﬁ)z] _ ou(1 — )T

Cy

1l o
ey 2K 1—-(1- V)Cy]Tr%I,t + ey (1 - 1/)(71'302
y

+[1—-(1- I/)Cy](ﬂ';v’tﬂ +cy(1 - V)Td'%’t} + t.1.p.

To substitute out the interaction terms between the world first-best variables (X;Mf b) and the
world gap variables (X'tW ), we first use the equation (B7), (B21) and (B37) to yield:
N 1 -~ 1—1¢y =~
_pfoy Wi tow 27 Yy AW
2 (ﬁt Ly ) 2nY; <cth e Gy >

2 AW £bC 1—0 AW Fb A
) A U e e
Cy Cy

“oj@) (@) ] o () (7]

_loa, [(@,W)Q + (65)2] —ou(1 — )T

Cy

1o
——{1-(1- v)eymirg + cy(1—v)(mir,)?
Y

+[1—-(1- V)Cy](ﬂ'}’t)Q +cy(1 - V)?T%’t} + t.4.p.

Then, using the equation (B10) will substitute out the interaction terms:

2(Li-£l') == {(C‘XV)Q + (C‘f)Q] - Clyn [(thW>2 + (ﬁﬂ
1—cy =\ 2 ~Rr\> [
e, [(agv) + (6R) ] — v —v)T?
N 61242(; 1-(1- V)Cy]ﬂl%l,t +ey(l - V)(WEzt)2

+[1— (1 - V)Cy](ﬂ?,t)z +cy(1— V)Wl%’,t} +t.i.p.

Lastly, substituting C}V, CF, and T; using the equations (B37), (B38), and (B39), and some

23



rearrangement, we can derive the welfare loss function as follows®:
e\ (P cw\®_ [ P 7R\’
2 (o= el’) == (Ln) (7) = (L) (7)
RN A I—¢ ~Rr) 2
P (o) e (g o) (e

Y Y

1— ~ o~ 1 ~ o~
+ 20—V G + 2p—UVRGE

Cy Cy
B c,0v(l —v) 2
T p M
- % {(ﬁy)z + (ﬁf}m)Q —2(1—¢y) (1 - U)ﬁgn‘,tATt
+ley (20— 1) + (1 — )] (1 - v) (A:ﬁt)z} . (B43)

B.5.5 Useful First- and Second-Order Conditions (DCP)

By rearranging the country-specific resource constraints, risk-sharing condition, and the definition

of the real exchange rate (Qt =(2v— I)TtR + 174), we obtain:

. . D-—(2v—1). 1- 21— ) 4 .

Yui=cy |Cr + (2v )Tt - Vﬁzt _2-v) ZtR} + (1 —¢y)Gy, (B44)
I 2p p P

) (. D+ (v-1). 1-v_ 20, .

Yie=c, |Cr + (2: )7, + ; Y e + :Zﬁ] +(1— )Gy, (B45)

. .. D—(2v—1). 21— ) - .

Vi =, |CF - (2;)11 + %mt + ([)”)Z{f] +(1—¢,)Gr. (B46)

Then, by combining the equations (B44), (B45), and (B46), we can express the world consump-
tion gap, relative consumption gap, and the relative price gap in terms of the output, government

spending, currency misalignment, and the shock as follow:

N 1 - 1— ~

oY = —yW = ay, (B47)
Cy Cy

. 120 -1 l—c,2v—1,p 200(1—-v)., D—(2v-1)>2,

CR=— v — v GR ZE B48

t Cy D t Cy D t D mt—'_ pD t ( )

. 12pn~ 1—¢,2p A 2w —1 2(2v — 1) 4

TtR:f pyR_ CinR_ v A (V )ZR (B4:9)

D't ¢ DY D ™MT T D
Adding (B44) to (B46) yields (B47), subtracting (B46) from (B45) yields (B49), and substituting
(B49) into the risk-sharing condition yields (B48).

>We normalize the function by c,,.
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One can express these equations as the efficient gap terms by subtracting the corresponding

sticky-price equilibrium and the efficient equilibrium equations:

. 1 - 1—c, ~
Y =~y - =y, (B50)
Cy Cy
~ 12v—1- 1—cy2v—1 - 20v(1 —v)
R R y R N
— 7. e Sl B51
t = D & D G+ D (B51)
~ 12p~ 1—cy2p ~ —
froL2pr _1oa2pan -1, (B52)

T, D! ¢y D D

The resource constraint for each country can written as follows:

Pry
P,

P* —0
Yie = Apy { <th) [(1 —V)Cy + VQGC;*] + G;} ,
t

—0 * —0
* PHt *
Ct + (1 - V) Hit : Ct + A[—Lth,

YH,t = VAH,t < P
t

where Ay ; = fol (PH*t(i) ) i, Ay, = fol (Pﬁf(i) ) - di,and A%, = fol (Pig(i) ) " diare the price
’ ’ t

PH,t H,t

dispersions for the Home and the Foreign goods, respectively. By approximating the resource

constraints in a second order and taking a summation of them, we derive the following:

e (CORYCON I [CORTCEN
Y Yy y
(e s (o] Swa o [(8)+ ()]

Lo [1—(1- I/)Cy]m%u +cy(1— V)(W}ﬁ)Q + (w}’t)g} )

Cy 2K
(B53)
Then, by subtracting the corresponding efficient equilibrium equation from the equation (B53) and
rearranging the relative price terms, we get:

it - a4 20day —— [(ew) + ()| |5+ ()]
S [(GXV)Q T (65)2] u(1—v) [(TtR>2 ; m2]

Y
- (GG GRICR) + (R 4 YR

AL — ) /oo o o 7
_ (cycy) <G,§beG¥V + Gf’befb> —20v(1 — V)TR,betR

LT weglrd, ey v)()? + ()2

Cy 2K
(B54)

Equations (B21), (B22), (B23), (B50), (B51), (B52), and (B54) will be used in the next subsection.
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B.5.6 Further Manipulation of the Welfare Loss Function (DCP)

We use the second-order approximations of the resource constraints to fully approximate the wel-
fare loss function into the second-order terms. By substituting the Equation (B54) into (B14), we
obtain:
2 (Et - E{b) =— QpOﬁ’fbétR +2ZECE — 2001 — v)TRSOTE
2 SR fbo L—c¢y AR fbA
= SV 2 GG
Cy Cy
9p WA | 9 gW W
2 Wb L—cy ~w, b5
= oI -2 S pGGY
Cy Cy

(e e ey - Ly

_1-*@pK@p)2+(@ﬁf}_eml_y>@?)’—&4r—wm?

Cy

1 ag * * -
¢y 2k 1-01- V)Cy]W?{,t +ey(1 - V)(”H,t)2 + (”F,t)2} +t2.p. (B55)
y

To recast the welfare loss in terms of output gaps, fiscal gaps, relative price gaps, currency mis-

alignment, and inflation, we eliminate the interaction terms between the relative flexible variables

(XtR /%y and the relative gap variables (X[). By using the relationship C}? = 2§;1TtR + Qipmﬁ and

the equation (B10), we can rearrange the first two rows of the equation (B55) as follows:

) . 2w —1.,] ~
2 (Et - ,c{b> = [(21/ — )R oyl — )T - L 2R\ TR
)
A 1 -
—~ <C’tR’fb—ZtR> g
)
N 1~ 1—¢, =
—amﬁ“(iﬁ—ydﬁ
Cy Cy
— 2000 22V CFY
2 W e 1—cy ~w b~
P R A S Sl e
Y Y
N2 N2 1 N2 L N2
ol(@) ()] - a0 ()]
1— N N2 N2
- Cyp{(GXV) +(Gﬁ) } — (1 - ) (TtR) — (1 — v)in?
Cy
1l o

— o A= (= )eylnds + ey (1= v)(wj)* + (75} + tiiop.
Y

®This relationship can be easily derived from the equations (B51) and (B52).
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Then, substituting the equations (B22) and (B23) into the first row, and the equation (B52) into the
third row yields:
1 - 1—cy ~ 2v—1 4 ~
2 (g £ff) == | LA - A 2 g g
cy Cy p
. 1.
e 2t
P
N o Rofb 7 v—1_
- DY, / <TtR +=5 mt>
— 20 CY 22V )Y

2 oW b L—cy ~wibs
= =YY 2 pC G
Cy Cy

= |(@) (@) ] = S| () ()]

e G N (0 N BN € AR

Cy

1 o . . '
— o AL =)yt ey (1= 1) (i) + (w5)*} + tip.
Y

Using the equation (B1), (B2), (B23) and the relation between the flexible relative price and the
flexible relative output gap (B11) rids out the first three rows.

2 (Et - c{") = — 20O EW 1 2ZW W

2 Wb L—cy ~w,fbs
= VI 2 GY

—ol(@) ()] - Sa ) = (5]
() o]t 5 oo
1 o

— o Al = (= v)erhiy + ey (1= 0)(m)* + (5)*} + tip.
)

To substitute out the interaction terms between the world first-best variables ()A(tW /%) and the

world gap variables (f(tW ), we first use the equation (B7), (B21) and (B50) to yield:

- 1~ 1—¢y ~
9 (ﬁt _ E{b) 2277YtW’fb (cy;W - = Cy GZV)
Y y

2 Wb 1-c AW. £b A
= oY 2GR
Cy Cy

~o[(@y s femy] - Loy (]

() (6F) ] - vt - (2) - o - vy

Cy

1 o '
— o A= (=)l + ey (1= 1) (i) + (w5)*} + tip.
)
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Then, using the equation (B10) will substitute out the interaction terms:

2 (eoel) =@+ ()] = Sn | ()" + ()

1—-c - 2 RN .2 )
I p {(GXV) + (Gﬁ) } —0v(l—v) (ﬂR) — Ou(1 — v)m?
1 o . . 4
— o A= (= )eylnds + ey (1= v)(wj)* + (m5y)} + tiiop.

Y

Lastly, substituting C’tW , étR, and TtR using the equations (B50), (B51), and (B52), and some

rearrangement, we can derive the welfare loss function as follows’:

2 elt) == (Lon) (70) - (5 0n) (7

Y
- Pl;fy (&) o1 - ) (Z;y + 1> (ar)’
20 TG 20t TG
o gtv(d _5)(D + Umf
N cyTG [1_2,;)%”?” + IK_HV (75)* + cyiF (frj%,t)z] : (B56)

"We normalize the function by c,.
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